Pairwise Comparisons

» ANOVA for multiple condition designs
* Pairwise comparisons and RH Testing
* Alpha inflation & Correction

* LSD & HSD procedures

» Alpha estimation reconsidered...

HO: Tested by k-grp ANOVA

m Regardless of the number of IV conditions, the HO:
tested using ANOVA (F-test) is ...

— “all the IV conditions represent populations that have the
same mean on the DV”

= When you have only 2 IV conditions, the F-test of this
HO: is sufficient
— there are only three possible outcomes ...
T=C T<C T>C &onlyone matches the RH

» With multiple IV conditions, the HO: is still that the IV
conditions have the same mean DV...

T,=T,=C butthere are many possible patterns
— Only one pattern matches the Rh:

Omnibus F vs. Pairwise Comparisons

= Omnibus F

— overall test of whether there are any mean DV differences
among the multiple IV conditions

— Tests HO: that all the means are equal
= Pairwise Comparisons

— specific tests of whether or not each pair of IV conditions
has a mean difference on the DV
= How many Pairwise comparisons ?7?
— Formula, with k = # IV conditions
# pairwise comparisons = [k * (k-1)] / 2
— or just remember a few of them that are common
» 3 groups = 3 pairwise comparisons
* 4 groups = 6 pairwise comparisons
5 groups = 10 pairwise comparisons




How many Pairwise comparisons — revisited !!

There are two questions, often with different answers...

1. How many pairwise comparisons can be computed for this
research design?

* Answer > [k*(k-1)]/2
+ But remember > if the design has only 2 conditions the
Omnibus-F is sufficient; no pariwise comparsons needed
2. How many pairwise comparisons are needed to test the RH:?

¢ Must look carefully at the RH: to decide how many
comparisons are needed

« E.g., The ShortTx will outperform the control, but not do as
well as the LongTx

» This requires only 2 comparisons
ShortTx vs. control ShortTx vs. LongTx

Process of statistical analysis for
multiple IV conditions designs

m Perform the Omnibus-F
— test of HO: that all IV conds have the same mean
— if you retain HO: -- quit
m Compute all pairwise mean differences
m Compute the minimum pairwise mean diff
— formulas are in the Stat Manual -- ain’t no biggie!
m Compare each pairwise mean diff with
minimum mean diff

— if mean diff > min mean diff then that pair of IV
conditions have significantly different means

— be sure to check if the “significant mean difference” is in
the hypothesized direction !!!

Example analysis of a multiple IV conditions design

TxL_ TX2  CX_ Eorthis design, F(2,27)=6.54,
50 40 35 p =.005 was obtained.

We would then compute the pairwise mean differences.
Tx1vs. Tx2 10 Tx1vs.C 15 Tx2vs.C 5

Say for this analysis the minimum mean difference is 7

Determine which pairs have significantly different means
Tx1 vs. Tx2 Tx1vs.C Tx2vs.C
Sig Diff Sig Diff Not Diff




What to do when you have a RH:

The RH: was, “The treatments will be equivalent to each other,
and both will lead to higher scores than the control.”

Determine the pairwise comparisons, how the RH applied to
each ...
Tx1= Tx2 Tx1> C T™xX2>C

TxL  TX2  CX ko this design, F(2,42)=4.54,
85 70 55 p =.012 was obtained.

Compute the pairwise mean differences.
Tx1 vs. Tx2 Tx1vs. C Tx2vs.C

Cont. Compute the pairwise mean differences.

Tx1vs. Tx2 15 Tx1vs.C 30 Tx2vs.C 15
For this analysis the minimum mean difference is 18

Determine which pairs have significantly different means

Tx1 vs. Tx2 Tx1vs.C Tx2vs.C
No Diff ! Sig Diff ! No Diff I!

Determine what part(s) of the RH were supported by the
pairwise comparisons ...

RH: Tx1= Tx2 Tx1> C Tx2> C
results Tx1= Tx2 Tx1> C T™x2=C
well ? supported supported not supported

We would conclude that the RH: was partially supported !

Your turn !! The RH: was, “Treatment 1 leads to the best
performance, but Treatment 2 doesn’t help at all.”

What predictions does the RH make ?
Tx1 Tx2 Tx1 C T™x2 C

T™XL T2 CX  Eorihis design, F(2,42)=5.14,
15 9 11 p =.010 was obtained. The

Compute the pairwise mean differences and determine
which are significantly different.

Tx1 vs. Tx2 Tx1vs.C Tx2vs.C

Your Conclusions ?

minimum mean difference is 3




“The Problem” with making multiple pairwise
comparisons -- “Alpha Inflation”

= As you know, whenever we reject HO:, there is a chance of
committing a Type | error (thinking there is a mean
difference when there really isn’t one in the population)
— The chance of a Type | error = the p-value
— If we reject HO: because p < .05, then there’s about a 5%
chance we have made a Type | error
= \When we make multiple pairwise comparisons, the Type |
error rate for each is about 5%, but that error rate
“accumulates” across each comparison -- called “alpha
inflation”
— So, if we have 3 IV conditions and make 3 the pairwise
comparisons possible, we have about ...

3*.05=.15 orabouta 15% chance of making at
least one Type | error

Alpha Inflation

= Increasing chance of making a Type | error as
more pairwise comparisons are conducted

Alpha correction

= adjusting the set of tests of pairwise differences
to “correct for” alpha inflation

m so that the overall chance of committing a Type |
error is held at 5%, no matter how many pairwise
comparisons are made

Here are the pairwise comparisons most commonly used -- but
there are several others

Fisher's LSD (least significance difference)

* no Omnibus-F — do a separate F- or t-test for each pair of
conditions

* no alpha correction -- use a = .05 for each comparison

Fisher’s “Protected tests”

« “protected” by the omnibus-F -- only perform the pairwise
comparisons IF there is an overall significant difference

* no alpha correction -- uses a = .05 for each comparison




Scheffe’s test
« emphasized importance of correction for Alpha Inflation

« pointed out there are “complex comparisons” as well as
“pairwise” comparisons that might be examined

« E.g., for 3 conditions you have...
* 3 simple comparisons  Tx1v.Tx2 Tx1v.C Tx2v.C

» 3 complex comparisons — by combining conditions and
comparing their average mean to the mean of other condition

Tx1+Tx2v.C  Tx1+Cv. Tx2 Tx2+C v. Tx1

« developed formulas to control alpha for the total number of
comparisons (simple and complex) available for the
number of IV conditions

Bonferroni (Dunn’s) correction
« pointed out that we don’t always look at all possible comparisons

« developed a formula to control alpha inflation by “correcting
for’the actual number of comparisons that are conducted

« the p-value for each comparison is set = .05 /#comparisons

Tukey’s HSD (honestly significant difference)

« pointed out the most common analysis was to look at all the
simple comparisons — most RH: are directly tested this way

« developed a formula to control alpha inflation by “correcting for”
the number of pairwise comparisons available for the
number of IV conditions

Dunnett’s test
« used to compare one IV condition to all the others
« alpha correction considers non-independence of comparisons

Two other techniques that were commonly used but which have
“fallen out of favor” (largely because they are more complicated
that others that work better)

Newman- Keuls and Duncan’s tests
« used for all possible pairwise comparisons

« called “layered tests” since they apply different criterion for a
significant difference to means that are adjacent than those
that are separated by a single mean, than by two mean,
etc.

* Tx1-Tx3 have adjacent means, so do Tx3-Tx2 and Tx2-C.
Tx1-Tx2 and Tx3-C are separated by one mean, and would
require a larger difference to be significant. Tx1-C would require
an even larger difference to be significant. Tx1 Tx3 Tx2 C
10 12 15 16




The “tradeoff” or “continuum” among pairwise comparisons

Type Il errors * ‘Type | errors
f Type | errors Type Il errors f
more “sensitive” more “conservative”

[ |

Fisher's Protected \
Fisher's LSD Bonferroni HSD Scheffe’s

Bonferroni has a “range” on the continuum, depending upon the
number of comparisons being “corrected for”

Bonferroni is slightly more conservative than HSD when
correcting for all possible comparisons

So, now that we know about all these different types of
pairwise comparisons, which is the “right one” ???

Consider that each test has a build-in BIAS ...

* “sensitive tests” (e.g., Fisher’'s Protected Test & LSD)
* have smaller mmd values (for a given n & MSerror)
« are more likely to reject HO: (more power - less demanding)
« are more likely to make a Type | error (false alarm)
« are less likely to make a Type Il error (miss a “real” effect)
* “conservative tests” (e.g., Scheffe’ & HSD)
* have larger mmd values (for a given n & MSerror)
« are less likely reject HO: (less power - more demanding)
« are less likely to make a Type | error (false alarm)
« are more likely to make a Type Il error (miss a “real effect”)

Computing Pairwise Comparisons by Hand

The two most commonly used techniques (LSD and HSD) provide
formulas that are used to compute a “minimum mean difference”
which is compared with the pairwise differences among the IV
conditions to determine which are “significantly different”.

t*V (2 * MSgyo) t is looked-up from the t-table
dygp = -mmmmmmmmmeem e based on a=.05 and the
\n df = dfg,,,, from the full model
q*VMSg,,, q is the “Studentized Range
dygp = - Statistic” -- based on a=.05,
n df = dfg,,, from the full model,

and the # of IV conditions

For a given analysis LSD will have a smaller minimum mean
difference than will HSD.




Critical values of t

df a=.05 «=.01

1271 63.66
4.30 9.92
3.18 5.84
278 4.60

245 3.71

2.36 3.50

231 3.36

2.26 3.25
10 223 317
11 220 311
12 218 3.06
13 2.16 3.01
14 214 2.98
15 213 2.95
16 212 2.92
17 211 2.90
18 2.10 2.88
19 2.09 2.86
20 2.09 2.84
30 2.04 275
40 2.02 2.70
60 2.00 2.66
120 1.98 2.62
@© 1.96 2.58

1
2
3
4
5 257 403
6
7
8
9

Values of Q

error df
5 4.60
6 4.34
7 4.16
8 4.04
9 3.95
10 3.88
11 3.82
12 3.77
13 373
14 3.70
15 3.67
16 3.65
17 3.63
18 3.61
19 3.59
20 3.58
30 3.49
40 3.44
60 3.40
120 3.36
L 331

#1V conditions

5.22
4.90
4.68
453
4.41
433
426
420
4.15
411
4.08
405
4.02
4.00
3.98
3.96
3.85
379
3.74
368
363
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5.67 6.03
530 5.63
5.06 5.36
489 517
4.76 5.02
465 491
4.57 4.82
451 475
4.45 4.69
441 4.64
4.37 459
433 456
430 4.52
428 4.49
4.25 4.47
423 4.45
410 4.30
404 423
398 4.16
392 410
3.86 4.03

Using the Pairwise Computator to find the mmd for BG designs

w} «—1—= ol k=#
coop 3550 4796 2398 it
P e sie| im| conditions
N/k=n
ANOVA
number of fish at store
df lean S F Sig.
2 025 3 001
9 22.541
11

Use these values to
make pairwise
comparisons

Using the Pairwise Computator to find mmd for WG designs

Descriptive Statistics

Woan St Dovaton |
e o a2 3505 7
numbor of mammals | 21,50 12866 2 K= #
numberofeptiesat | oo s b =
4 conditions
N=n

Tests of Within-Subjects Effects

Measure: MEASURE_1

Tye
Sumof Mean
Squares | o | squae | sig
PETTYPE  Spherlly Assumed | 1464.056 T o d
Greenhouse-Geisser| 1484.056 | 1672 |  887.492 4 22.222 /ﬁn
Huynh-Feldt 144056 | 1097 | 78 2 00
ower-bound 1484056 | 1.000 | pBaose | 22 | oo
ErrorPETTYPE) Sphercity Assumed | 734.611 27 w00

Greenhouse-Geisser|
Huynh-Feldt
Lower-bound

734611
734611
734611

18394 | 39.937
21305 | 34481
11000 | 66783

Use these values to
make pairwise
comparisons




Some common questions about applying the Isd/hsd formulas...
What is “n” for a within-groups design ?

Since “n” represents the number of data points that form

each IV condition mean (in index of sample size/power),

n = N (since each participant provides data in each IV
condition)

What is “n ” if there is “unequal-n” ?

Use the “average n” from the different conditions. This is
only likely with BG designs -- very rarely is there unequal n
in WG designs, and most computations won’t handle those
data.

Earlier in the lecture we discussed a General procedure for
pairwise comparisons..

-- Compute the obtained mean difference for all pairs of IV conditions
-- Compute the minimum mean difference (MMD e.g., 6.1 for LSD)

-- Compare the obtained and minimum difference for each pair
-- If |obtained mean difference| > minimum mean difference
then conclude those means are significantly different

Cx Tx1 Tx2

Cx 20.3 no mean dif Cx = Tx1
Tx1 246 4.3 mean dif Tx2 > Cx
Tx2 321 118 7.5 mean dif Tx2 > Tx1

Remember to check the DIRECTION of mean differences when
levaluating whether RH: is supported or not !!!

But, still you ask, which post test is the “right one” ??7?

Rather than “decide between” the different types of bias, | will ask
you to learn to “combine” the results from more conservative and
more sensitive designs.

If we apply both LSD and HSD to a set of pairwise comparisons,
any one of 3 outcomes is possible for each comparison

- we might retain HO: using both LSD & HSD

« if this happens, we are “confident” about retaining HO:,
because we did so based not only on the more
conservative HSD, but also based on the more sensitive LSD

- we might reject HO: using both LSD & HSD

« if this happens we are “confident” about rejecting HO:
because we did so based not only on the more sensitive LSD,
but also based on the more conservative HSD

« we might reject HO: using LSD & retain HO: using HSD
« if this happens we are confident about neither conclusion




Here’s an example...

A study was run to compare 3 treatments to each other and to a
no-treatment control. The resulting means and mean differences

were found. M TxI Tx2 Tx3
Tx1 12.3
TxX2 146 23
Tx3 188 65% 22
cx 229 106" 83" 41

Based on LSD mmd = 3.9
Based on HSD mmd = 6.7

Conclusions:

e confidentthat Cx>Tx1 & Cx>Tx2 ——}(: Isd & hsd

« confident that Tx2 = Tx1 & Tx3 = Tx2 -- HO: w/ both Isd & hsd
« not confident about Tx3 - Tx1 or Cx- Tx3 -- Isd & hsd differed

* next study should concentrate on these comparisons 4

Applying Bonferroni

Unlike LSD and HSD, Bonferroni is based on computing a
“regular” t/F-test, but making the “significance” decision based on
a p-value that is adjusted to take into account the number of
comparisons being conducted.

Imagine a 4-condition study - three Tx conditions and a Cx. The RH: is that
each of the TX conditions will lead to a higher DV than the Cx. Even though
there are six possible pairwise comparisons, only three are required to test the
researcher’s hypothesis. To maintain an experiment-wise Type | error rate of
.05, each comparison will be evaluated using a comparison-wise p-value
computed as

If we wanted to hold out experiment-wise Type | rate to 5%, we
would perform each comparison using...
og / # comparisons = a¢ .05/3 =.0167

We can also calculate the experiment-wise for a set of comps...

With p=.05 for each of 4 coms our experiment-wise Type | error
rate would be ... OLg = #comparisons * Ol =4*.05=20%

A few moments of reflection upon “Experiment-wise error rates”
the most commonly used o estimation formulais ...
og = o -# comparisons

e.g., .05 6 =.30, or a 30% chance of making at least 1 Type |
error among the 6 pairwise comparisons

But, what if the results were as follows (LSDmmd = 7.0)

Tx1 Tx2 Tx3 C we only rejected HO: for 2 of the

Tx1 12.6 6 pairwise comparisons. We
T™x2 144 18 can'’t have made a Type | error
Tx3 164 3.8 20 for the other 4 -- we retained the

Cc 222 9.6* 7.8* 5.8 HO: M

At most our ag is 10% -- 5% for each of 2 rejected HO:s




Here’s another look at the same issue...

imagine we do the same 6 comparisons using t-tests, so we get
exact p-values for each analysis...

Tx2-Tx1 p.=.43 Tx3-Tx1 p.=.26 Tx3-Tx2 p.=.39

C-Tx1 p.=.005* C-Tx2 p.=.01* C-Tx3 p.=.14
We would reject HO: for two of the pairwise comparisons ...
We could calculate ag as Zp =.005 + .01 =.015

What is our o for this set of comparions? Is it ...

.05 * 6 = .30, a priori o — accept a 5% risk on each of the possible
pairwise comparisons ???

.05* 2= .10, post hoc ag — accept a 5% risk for each rejected
HO: 72?7

.005 + .01 =.015, exact post hoc oE — actual risk accumulated
across rejected HO:s ?7?7?

Notice that these oE values vary dramatically !!!
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